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Abstract: Some cosmological solutions of the unimodular theory of gravity are 
studied. These solutions can always be mappc 
ativity in an appropiate frame. Constant seal 
Some physical consequences are pointed out. 



^ studied. These solutions can always be mapped to solutions of Einstein's general rel- 

CC) ativity in an appropiate frame. Constant scalar potentials however do not gravitate. 
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1. Introduction. 



A radical approach towards explaining why (the zero mode of) the vacuum energy 
seems to violate the equivalence principle (the active cosmological constant problem) 
is just to eliminate the direct coupling in the action between the potential energy 
and the gravitational field [1]. This leads to consider unimodular theories, wheter 
the (absolute value of the) determinant of the metric is constrained to be constant 
in the Einstein frame. We shall represent this absolute value as g. The simplest 
nontrivial such unimodular action [1][2] when only a scalar matter field $ is present 
[1]) reads 



S = J d n x {-M n ~ 2 R E + ^ g^V^Vv® - V($)\ 



*>* {gi (-M- ( R + {n - l) ^- 2)9 ^f» 9 ) + \ *-V„*V„*) - vm 

where the n-dimensional Planck mass is related to the n-dimensional Newton constant 
through 

M n ~ 2 = (1.1) 
lo7rG 

This theory is invariant under Weyl transformations (under which the Einstein metric 
is inert) 

= n 2 (x)g lll/ (x) (1.2) 

as well as under area preserving (transverse) diffeomorphisms, id est, those that enjoy 
unit jacobian, thereby preserving the Lebesgue measure. 

The gravitational equations of motion derived from this action principle are 

1 _ (n-2)(2w-l) f V,gV u g l(Vg) 2 

n An z \ 9 n 9 

n_2 / V^ _ 1 \ + / _ 1 ^ \ 

2n \ g n g J 2 \ n J 

while the one for the scalar field is 

v 2 $+^n$) = — (i.4) 

Other interesting approaches somewhat related to our own can be found in [3]. 

The purpose of the present work is to study how this fact, that the vacuum energy 
does not gravitate in Unimodular Gravity, constrains cosmological solutions using 
for them a simple toy model in which we only couple a scalar field to gravity. In 
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order to do that, we will start by considering vacuum solutions in the unimodular 
frame (g = 1) and we will argue which is the most general form for an isotropic and 
homogeneus metric that enjoys unit determinant as well. With that ansatz, in section 
3, we will derive the equations of motion and a first integral coming from Bianchi 
identities that will show us how to map unimodular solutions to those of General 
Relativity. Finally, in section 4, we will study a toy model in which the potential of 
the scalar field is constant and we will see how the Bianchi identity relates to the 
boundary conditions. This will show that this model is insensitive to shifts in the 
vacuum energy, at variance with General Relativity, where energy shifts imply the 
existence of a dynamical thin shell in order to avoid singularities in the matching 
hypersurface. 



2. Some common spacetimes in the unimodular frame. 

In the unimodular frame, the equations of motion of the vacuum Unimodular theory 
are greatly simplified and result to be just the equations of motion of the Eintein's 
second theory of gravity 

- -Rg»u = o (2.1) 

77 

from which is clear that any maximally symmetric space is a solution of the theory. 
In our conventions, the Ricci tensor of such spaces reads 

2 

Rfiu = ~^^9ni/ (2.2) 

77 Zi 

the metric of such spaces can be written in a manifestly conformally flat form by using 
Poincare coordinates. For example, in the case of (anti-)de Sitter space, which in our 
convention enjoys (positive) negative curvature but (negative)positive cosmological 
constant, it reads 



z 2 ' ^ p 



dS : d 2 dS - ^ n W ; R d £ ( 2 - 3 ) 

a^c . _ -P dz ' ' ' " i >■><■"■■.■ , p. n/.s " - - ' 
Adts . d AdS - — , K - —p^—g^u (2.4) 



All these spaces can be written in unimodular coordinates through a change of co- 
ordinates. For example, in the de Sitter case 

i 

1 \ 

(2.5) 



(n — l)u 

Vi = Vi 
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yielding 



ds 2 ds 



du 



[n 



l)u 



n-l 



((n-l)u)»-i J2 dv * 



(2.6) 



We shall call this choice of coordinates the unimodular frame. It can be always 
chosen in GR since it is a diffeomorphism and actually Einstein himself was quite 
fond of it. The powerlike growth of the de Sitter metric in this frame is a coordinate 
artifact. If one goes to the usual cosmic time u = Woe 2 ^^ - * ), the scale factor would 
grow exponentially indeed. However, this diffeomorphism that maps unimodular 
time into cosmic time is not area preserving and thus it is not a symmetry of the 
Unimodular theory. This fact implies that the metric (2.6) written in unimodular 
and cosmic coordinates, which in GR are physically equivalent, correspond to two 
different physical solutions in our case. 

The de Sitter example shows that it is quite easy to express general Friedman- 
Robertson- Walker metrics in the unimodular frame just by transforming coordinates 
in the same sense as above. If we have a general isotropic and homogeneus metric 
with flat spatial sections 

ds 2 = dt 2 - a 2 (t)5 ij dx i dx j (2.7) 

it is enough to redefine the time coordinate in order to have a unimodular metric. 
Thus 

du = a n -\t)dt (2.8) 

where a(t) is the scale factor of the FRW metric. By defining dt = S^^ n ~^du we arrive 
to the most general form for a homogeneus and isotropic metric in the unimodular 
frame 

ds 2 = SiuY^^du 2 - S 2 (u)5 ij dx i dx j (2.9) 

In the rest of this work we shall stick to this metric form and work in unimodular 
coordinates. 



3. Unimodular cosmological models. 



The aim of the present paper is to study some homogeneus and isotropic cosmological 
models. We have just seen in the previous section that it is not possible to reach the 
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synchronous gauge (cosmic time) while staying unimodular. We have to choose one 
or another and it is computationally preferable to keep the unimodularity condition 
giving up the goo = 1 one since the equations of motion streamline enormously. We 
have seen that the simplest such metric which is also homogeneus and isotropic reads 

ds 2 = S{u)- 2 ^du 2 - S 2 {u)5 ij dx i dx 3 (3.1) 



If ones prefers to stick to the usual goo = 1 choice of General Relativity and work 
in cosmic time, then all terms in the rhs of 1.3 have to be kept and computations 
are far more complicated than in the unimodular frame. That is the reason of why 
we choosed it. Besides, as stated before, the transformation from the synchronous 
frame to the unimodular one is not a symmetry of the theory since it is not area 
preserving. 



Focusing on n = 4 dimensions for concreteness, the scalar curvature and the Ricci 
tensor derived from this metric read 

3S 2 + sS 
~S~ 2 



Roo — —3 — (3.2) 



Rij = S 6 (5S 2 + SS)6ij 

R = -6S\AS 2 + SS) (3.3) 
so the traceless part of the Ricci tensor reads 

1 S 2 3 S 



Rij - )Rg VJ = -(S 6 S 2 + ^SPfySy 



Let us now consider, as stated in the introduction, the action for a scalar field with 
some undetermined potential V($) coupled to unimodular gravity. This leads in GR 
to simple cosmological toy models from which one can see the efect of vacuum energy 
as a source for the cosmological constant. However, in unimodular gravity, such a 
cosmological term is forbidden and pure vacuum energy seems to not gravitate, what 
makes studying these models interesting in this theory. The action for such a system, 
in four dimensions, reads 



5 



d"x 



9 %A 



—MR 



32 g 2 2 

so the energy-momentum tensor of the scalar field can be easily computed to be 

1 • 



(3.5) 



7! 



00 



-& + s- b v{<$>) 



(3.6) 



T 



S*^ - S Z V($) J s. 



'13 
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and its traceless part, which is the source for the unimodular theory and thus does 
not depend on the potential U($) is 

Too - \Tg 00 = (3.7) 



The equations of motion for the scalar field that one derives from this action are the 
same as in General Relativity 

— (S 6 <i>) + V'(<f>) = (3.8) 

if one assumes isotropy of the scalar field and thus 0$ = 0, where % denotes spatial 
directions. The Unimodular equations of motion, on their hand, read 

l -r Jl 

4 9iiv 2M 2 4" 



G^ u - -Gg„ v = —— Tp V - -Tg^ J (3.9) 



which implies 



where y = S 3 . 



An important question arises here. When are this equations compatible with Einstein 
equations for General relativity? Or in other words, when do both theories happen 
to give the same results? It is plain that General Relativity 2 always implies the 
Unimodular theory, what can be easily checked by taking the trace of Einstein field 
equations 

G ^ = 2M2 T ^ ( 3,11 ' ) 

However, the converse is not true. In that case, one has to supplement the unimodular 
equations of motion with the further restriction that 

G = -^—T (3.12) 
2M 2 v ; 

in order to get the general relativistic equation of motion. 

Besides that, it is well known that Bianchi identities do imply, even in the unimodular 
case, that 

2 We have to remark that we are always implicitely talking about General Relativity without 
any extra cosmological constant at all apart from the one that could arises from the scalar field vev. 
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where / is an arbitrary constant, determined by boundary conditions, that with our 
ansatz for the metric reads 

/ = 2AS 4 S 2 + 6S 5 S + ^2 ( s6 ® 2 ~ 4 ^($)) (3-14) 

Actually, this first integral is not more than a rescaling of the energy, since 

2E 

I +Jp (xEM = ( 3 - 15 ) 



Therefore, in order to recover General Relativity, we must set I to nil, which is 
equivalent to choosing the subset of solutions of zero energy. Moreover, a fact that 
will become important later can be noted here. It is true that General Relativity is 
recovered by setting I = E = 0, however, since we can always shift the potential of 
the scalar field by a finite quantitie, which is ignored by the fact that the Unimodular 
theory does not account of vacuum energy, we can always relate any solution of 
the unimodular gravity to one of General Relativity just by finding the solution to 
Einstein equations in which we have modified the potential of the scalar field by 
adding V = —E. 



4. Constant scalar potential 



With this relationship between General Relativity and Unimodular Gravity in mind, 
we are now interested in studying the possible relationship between the restriction 
1 = and the boundary conditions of the solutions to the equations of motion. 
Since the most remarkably difference between the two approachs (GR and U) arises 
when considering pure vacuum energy, we are going to analyze the situation in which 
V($) — Vq — constant. With this choice, the equation of motion for the scalar field 
reads simply 

S 6 <5> = A 2 (4.1) 

where A is a constant with dimensions of mass that it related to a phyisical scale for 
the momentum of the field. 

The gravitational equations of motion, on their hand, read 

„S 2 S A 4 

2 h — = (4.2) 

S 2 S 4M 2 S 12 y } 

(the spatial components ij do not yield anything new) that can be rewritten as 

i M - -J^ < 4 - 3 > 
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When A = we would conclude that a mass dimension one constant fi must exist 
such that SS 2 = /io/3. Using now the Bernoulli method of variation of constants 
leads to the general solution of the equations of motion 



S= 77775 (* -to)* -( (4.4) 



where £ is a dimensionless constant in such a way that //q = is an energy scale, 
related to the scalar field total momentum. The scalar field, on its hand, reads 




$ = $ + 4log[ H (4.5) 



With this solution, we can compute explicitely the curvature scalar, which reads 

4 / i 4 (t-t ) 2 + 6/& 

fl= -3 tf(t -«„)«-« (4 ' 6) 

and we can see that whenever A ^ 0, the scale factor vanishes and produces a 
curvature singularity when 

t-t = ±t s = ±-^- = ±— 4.7 
v^A 2 fM) 



The only instance in which there is no singularity and we get a symmetric space-time 
is when £ = 0, wich implies R = — |/Xq and the scale factor reduces to the one of a 
de Sitter space. On the other hand, the limit where A — > has to be taken carefully. 
If one just set A = and maintain every other parameter to not to vanish, the only 
allowed solution is flat space S = Sq. However, if we take the limit £ — > at the 
same time but maintaining /i ^ 0, there is another possible solution in the A = 
regime, namely 

S=(fi (t-t )f* (4.8) 

where now /i is an independent constant and the solution clearly corresponds to a 
maximally symmetric space, which appears due to the fact, noted on section 2, that 
maximally symmetric spaces are all of them solutions of the vacuum equations of 
motion in the unimodular frame. 



Now that we have a solution to the equations of motion, we are interested, as we 
said before, in analyzing the relationship between the restriction 1 = that maps 
the unimodular theory into General Relativity and the boundary conditions that 
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determine the values of /xq, A and £ of our solution. The most instructive way to 
do that is to compute / without assuming any relationship between /x and A. This 
yields 




So there are now two disctinct possibilities to set / = 



Either A = £ = 0, in which case the scalar field gets vanishing momentum and 
the constant /io is not related to A, but rather to the strength of the potential, 
/ip = The scale factor in this case is 

S= (/io(t-to)) 1 (4.10) 
This is de Sitter space in disguise, because the curvature scalar reads 

(this assumes V > 0; otherwise it is an anti-de Sitter). 
The other possibility is that 

(412) 

This corresponds to an scalar field with nonvanishing momentum (kinetic en- 
ergy) proportional to the strength of the potential. Consistency then demands 
that the constant 

£ = 1 (4.13) 



Let us note at this point that the vacuum expectation value of the potential does 
not appears in any part of the solution more than in selecting boundary conditions, 
so any change on the vacuum energy vacuum along the time does not affect the 
unimodular equations of motion. 

Imagine, then, that we want to make a crude model of the gravitational effect pro- 
duced by a sudden raise of the vacuum energy. To be specific, we assume that at 
unimodular time t = T there is a discontinuity such that 

V($) = t-t <T 

V($)=V t-t >T (4.14) 
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In the unimodular case, as we have just noted, nothing changes; physical quantities 
are insensitive to the value of Vq. Let us examine, however, the situation in GR, in 
which matching conditions at both sides of the t — to = T hypersurface impose 3 



M = -s 2 s.. 



1.1 



which amount in this case to 



[Kid = -S*S5 i:j = (4.16) 



[S] = [S] = (4.17) 



that is, both the scale factor and its derivative have got to be continuous at t— to = T. 
Now for t — t < T the solution corresponds to flat space 

S-(t) = l (4.18) 

whereas for t — to > T 

S + (t) = (fio(t-to)y* (4.19) 

where /1q = |^ and continuity of the scale factor imposes T — t = v/ff|- This 

in turn means that the derivative S diverges at t = T, so that the matching is not 
possible with the general relativistic solution as above, and one is forced to postulate 
the existence of a thin shell [5] at t — t = T with energy-momentum tensor 



(4.20) 

This is not very satisfactory. Nevertheless it is clearly seen through this computation 
that a sudden jump in the scalar field potential up to a constant value does not affect 
the unimodular theory, whereas it produces a cosmological constant term in GR. 



5. Conclusions 



Some cosmological solutions of the equations of motion of the unimodular theory 
of gravity have been examined in the unimodular frame where the EM streamline 
greatly. It is always possible to shift a general relativistic scalar potential by a 

3 We shall represent quantities defined for t — to > T by the superscript +, and those defined for 
t < T by the superscript — . We also denote the difference of a physical quantity M between both 
sides of the hypersurface defined by t — to = T by 

[M] = M + - M~ (4.15) 
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constant so that the unimodular solution is a solution of general relativity as well, 
also expresssed in the unimodular frame. 

It is a physically relevant fact, however, that a constant potential does not (nec- 
cessarily) gravitate. If in particular a gedankenexperiment is performed in which the 
scalar potential vanishes until at a given time it is raised to a constant value, then the 
unimodular theory admits a flat space solution valid for all time, in contradistinction 
to what happens in general relativity, where a dynamical thin shell is necessary to 
avoid singularities. This fact, sometimes dismissed as unimportant, seems to us quite 
relevant. 

A clarifying observation is the following. It is possible to substitute directly the 
unimodular ansatz in the action before deriving the EM which in the minisuperspace 
are ODE for the two functions of one variable S(t) and <&(£). That is 

S = J dt (^-QM 2 S A S 2 + - (5.1) 

The variational principle leads to 

— (s*$) + V ($) = 

-8S 3 S 2 - 4S 4 S = (5.2) 

which are equivalent to the unimodular EM as derived in the paper. It also yields 
the expression for the energy as a first integral 

E = -6M 2 S 4 S 2 + ^ 6 $ 2 + V ($) (5.3) 

If the same exercise is performed for the Einstein-Hilbert action of GR one easily finds 
that the variational principle is exactly the same. The reason is that the cosmological 
constant does not gravitate in this frame. 

It would be most interesting to study the role of these constant shifts in the scalar 
potential in a putative supersymmetric [4] version of the theory. 
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